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Front dynamics in an oscillatory bistable Belousov-Zhabotinsky chemical reaction
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We observe breathing front dynamics which select three distinct types of bistable patterns in the 2:1 reso-
nance regime of the periodically forced oscillatory Belousov-Zhabotinsky reaction. We measure the curvature-
driven shrinking of a circular domaiR~ t1/2 at forcing frequencies below a specific value, and show that the
fast time scale front oscillation®reathing drive this slow time scale shrinking. Above a specific frequency,
we observe fronts of higher curvature grow instead of shrink and labyrinth patterns form. Just below the
transition frequency is a relatively narrow range of frequencies where the curvature-driven coarsening is
balanced by a competing front interaction, which leads to a pattern of localized structures. The length scale of
the localized structure and labyrinth patterns is set by the front interactions.
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I. INTRODUCTION We observe that the slow front dynamics of the patterns in

Bistability, the property that a system has two equallythe high fo_rcmg strength regime of 2:1 resonance select ei-
likely solutions, is found in equilibrium systems such as co-ther a stationary flat front separating spatially uniform do-
polymers[1] and metal-ion clusterf2]; and in nonequilib- mMains ofr-shifted oscnlatl_ons, localized structures, or _Iaby-
rium systems such as driven circuj8j, semiconductorg4],  rinth patterng8,9] depending on parameter valugee Fig.
lasers[5], and some chemical reactiof—8]. In extended 1).
systems, bistability can cause pattern formation, i.e., differ- The forced complex Ginzburg-Landg&CGL) equation
ent spatial arrangements of the two stable states. While this a generic amplitude equation for oscillatory systems near a
resulting pattern in equilibrium systems can often be underHopf bifurcation. Our experimental observations for the rates
stood in terms of minimizing a free energy, nonequilibrium of pattern evolution and the pattern wavelengths selected are
systems are not driven by this principle. in agreement with results from the FCGL equatifft0].

We investigate how the front dynamics select patterns irEven though our BZ experiments are conducted far from the
the forced nonequilibrium Belousov-Zhabotinsk{BZ)  Hopf bifurcation, the FCGL has predicted many results ob-
chemical reaction. We periodically force the light-sensitiveseryed in the forced BZ systeft0,11,21.

BZ reaction, with spatially homogeneous pulses of light, -~ These patterns and the transitions between them have also
over a range of frequencies that lock in the 2:1 resonancgeen found in a resonant optical systésh and in the am-
regime of the forcing. The chemical concentration oscillatesbmude equations which describe [[22]. Our experiments

exactly once for every two forcing cycles and there are WQggs he theoretical predictions in a different type of system, a

stable (-shifted oscillating stateq8,9]. We examine the oo icaily reactive system, and demonstrate the generality
slow time scale pattern evolution, i.e., on a time scale much

longer than the chemical oscillation period, of the forced BZ?gethriii;;rﬁr:rﬁng}gt& ecr;e:trg fr?]?(.)rlr:nua:ir:)er\rr?r?rtee,rvmvi %efzs::r:lebe
system at high forcing strengths. P

The BZ chemical reaction has been widely used to inves_small-amplltuqe, fa;t 0§C|Ilat|on§breath|ng motioj of the
tigate mechanisms of pattern formation in nonequilibrium TNt Propagation direction. _ ,
reaction diffusion systems. Resonances of the quasi-2D os- 1h€ organization of the rest of this paper is as follows.
cillatory BZ reaction with a periodic external forcing have 1he physical setup and data analysis methods are described
been studied previousljs—14. The propagation of excita- N Sec. Il. The experimental results showing curvature-driven
tion waves has also been studied in the context of the BBhrinking are presented in Sec. lll A. The observation of lo-
reaction [15,16. These previous works have found that calized structures is discussed in Sec. Ill B and labyrinths are
fronts of different curvature propagate into the unexciteddiscussed in Sec. Ill C. We develop a physical explanation of
state at different velocities; a positive curvature front propathese mechanisms based on the chemical reaction and the
gates more slowly and a negative curvature front moreéwo-dimensional2D) geometry in Sec. IV.
quickly. This is captured by the well known eikonal equation

[17-19 Il. METHODS
V=V, - Dk, &) A. Experimental setup
whereV is the velocity normal to the fron¥/, is the velocity We use the same BZ reactor setup as[80,14. The
of a flat front,D is a diffusion coefficient, and is the front  reaction takes place in a thin porous Wcor glass membrane
curvature. sandwiched between two chemical reservoirs. The glass

membrane is 0.4 mm thick and 22 mm in diameter. Reagents
diffuse homogeneously from the continuously stirred reser-
*Electronic address: alin@phy.duke.edu voirs into the glass through its two faces. The pattern wave-
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(¢) 0.062 Hz

(a) 0.039 Hz

(b) 0.058 Hz
s

FIG. 1. Examples ofa) large domain(b) localized structures, an@) labyrinth patterns in the 2:1 resonant regime of the periodically
forced BZ reaction. The forcing frequenay, increases from left to right. The pattern on the far left will eventually evolve into a single flat
front. The small domains ifb) are stationary while larger domains continue to shrink. The labyrin(b)iis stationary. Chemical conditions
are given in Sec. Il A. Image sizes a& 11.4 mmx11.4 mm,(b) 12.7 mmx 12.7 mm, andc) 9.3 mmx 9.3 mm.

length is=0.5 mm while the membrane is 0.4 mm thick, so symmetric pattern. After five forcing cycles, the circular
the pattern is quasi-two-dimensional. Each 8.3 mL volumechemical pattern is stable. We then spatially homogenize the
reservoir is continuously refreshed at a flow rate of 20 mLlight intensity and simultaneously change the forcing fre-
per hour. The two reservoirgelineated A and Bcontain  quency so that it is in the 2:1 resonance regime. We create a
0.8M sulfuric acid(A,B), 0.184M potassium bromatéA,B), 2:1 resonant pattern of concentric circles as shown in Fig. 2.
0.00M  tris(2, 2'-bipyridyl)dichlororutheniurgl)hexa-
hydrate(A), 0.22V1 malonic acid(B), and 0.2 sodium bro-
mide (B). Under these conditions, the reaction is oscillatory
and we observe rotating spiral waves of(Ruconcentration We determine the frequency of the chemical oscillations
in the membrane. and show that the system is stably 2:1 locked using the pat-
We image the spiral waves by passing spatially homogetern’s temporal power spectrum. We calculate the power
neous low-intensity light through the membrane, and measpectrum at each pixel in the image and average to determine
sure the relative intensity of the transmitted light using athe average power of the pattern. We consider the reaction
CCD camera bandpass filtered at 451 nm. Regions of th&:1 resonant with the forcing if the fundamental peak in the
glass membrane that contain (R absorb light at 451 nm; power spectrum is within one percent of half the forcing
regions of high intensity have a lower concentration offrequency.
Ru(ll). The images shown in this paper were converted from
snapshots of ruthenium concentration to a representation of
the oscillation phases. This representation contains informa-
tion for a complete oscillation cycle, i.e., it does not resolve
The ruthenium catalyst of the BZ chemical reaction isthe dynamics within a cycle. The chemical concentration os-

light-sensitive[23]. To periodically force the system, we ap- cillates exactly once for every two forcing cycles, resulting
ply time periodic spatially uniform pulses of light to the

membrane. The particular effects of light using the same re-
actor setup we use here have been described previfidly

We apply the parametric forcing using a commercial
video projector(Sanyo PLC-750N and a condensing lens.
The video projector is computer controlled using a video
card with a refresh rate of at least 0.1s. We temporally force
the system, alternately projecting spatially homogeneous
high-intensity and low-intensity light onto the membrane
with a square wave time dependence.

D. Data analysis

B. Resonant forcing

C. Initial conditions

To test the predicted rate of curvature-driven coarsening,
see Sec. Il A, we measure the growth rate of circular pat- FiG. 2. Example image of the chemical response to a radially
terns in the bistable 2:1 resonance regime. To create the inkymmetric forcing pattern. The pattern oscillates at half the forcing
tial pattern for this experiment, we project a radially sym-frequency(2:1 resonance Black and white regions are oscillating
metric pattern onto the membrane at a 1:1 resonancg out of phase from each other. The image size is 7.6 mm
frequency. The chemical pattern responds with a radiallyx 7.6 mm. The chemical conditions are given in Sec. Il A.
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value showed that a circular domain of one phase surrounded
by m-shifted oscillations shrinks according to

R(t) = VR(0)? - Dt, (2)

whereR is the radius of a circular phase domain ahés the
' ' diffusion coefficient20]. In the simulations, circular regions
shrink whenD>0 and grow whenD <0; high curvature
regions shrink more rapidly than low curvature ones accord-
FIG. 3. Determination of domain boundaries for a 2:1 resonaning to Eq.(2).
pattern.(a) The phase andgb) the magnitude of each oscillation In the 2:1 resonant regime belaw, we impose a radially
cycle were determinedc) A combination of(a) and(b). The phase  gymmetric initial condition in our experiments, see Sec. Il C,
defines the interior of a domain and the magnitude defines the doénd measure the radisas a function of time. The sequence
main bo_undaries. The chemical conditions are given in Sec. Il A'of snapshots in Fig. 4 shows an example of a circular domain
Image size: 11.4 mma 11.4 mm. shrinking. The minimum root-mean-square difference be-
tween a fit of logR] versus lofR(0)"-Dt] occurs for the fit
in two stable(7-shifted oscillating states. Each pixel in an \yhen n=2 for circular patterns and the slope of the fit is
image is assigned to one of the two phase states. This r¢;52+0.04, demonstrating E) is obeyed in the BZ sys-
moves information about the front width. tem.
tion magnitude is changing, while magnitude is roughly uni-an average measure of the chemical diffusion coefficient. We
form within a domain, see Fig.(B). _ obtain a value 0D=2.2+0.2x 10°° cn?/s, which does not
We match the location of the fronts from the magnitudegepend on the forcing parameters, and changes sign discon-
data Fig. &) with the domain boundaries from the phasetinyously atwr. This is in contrast to the FCGL results,
data Fig. 8a) to create the final images Fig(c3 shown in  where the value ob in Eq. (2) depends on the forcing pa-
subsequent figures of this paper. Figuie)3s created by rameters and goes smoothly through zero at the critical
taking the pixel-by-pixel product of the phase and magnitudg,ajue. Additionally, this shrinking disk experiment provides
and applying a threshold to eliminate the variation of theg new technique to measuf in Wcor or other porous
magnitude in the interior of a domain. The final image hasmaterial, yielding a more precise value, which fits within
only phase information in the interior of the domains andpreviously reported estimat§g4].
magnitude information along the fronts. Thus, the width of & Thjs curvature-driven front dynamics is also observed for
front is approximated from Fig.(B). The images we show in ~ arbjtrarily shaped domains. Figure 5 shows that the local
the following sections are obtained in the same way as Figeyrvature «(t) changes according to Eq2) with R(t)
3(0). =1/k(t). The domains become locally more circular, and
eventually vanish. The pattern in the last frame of Fig. 5 is
IIl. DOMAIN COARSENING AND DOMAIN GROWTH stiII_ evolving. Asymptoticall_y, it will be a single phz?lse do-
main, or a pattern with stationary flat fronts separating phase
As we scan from low to high forcing frequenayin the  domains.
2:1 resonance regime, we observe a transition from patterns To quantify the coarsening, we define the functrn,t)
coarsening, which includes both large domain and localize@s the probability that two points a distancapart are inside
structure patterns, to growth of labyrinth pattef8sl0. The  the same phase domain at tirheP(r,t) is calculated using
transition occurs at a specific valug. Coarsening patterns the following formula:
form below wt and labyrinth patterns form above; in the 1
2:1 resonance regime. - D o
As we scan back and forth in frequency, we measure that P(rY mnzi: zl" 0,08l = r), @
this transition does occur at a specific frequency, within the o S ) ) )
millihertz resolution of our experiments. However, the valueWherei, j are pixel indices for an imagen is the total pixel
of wy is sensitive to experimental parameters we cannot corffumber,n is the number of pixels a radiusaway fromi,
trol, such as membrane age, therefore it is not meaningful foP(i.i;t)=1 for i, j in the same domain at time O(i, ;1)
us to report a value fow_l__ On a given day, we observe a =0 fori,j in different domainSlij is the distance between the
value of w;+0.3 mHz. points indexed by andj, and § is the Dirac delta function.
In the following subsections, we discuss the pattern selecl herefore,P(0,t)=1.
tion in these different regimes. The shape of the curvB(r) for fixed t (see Fig. 6 cap-
tures the front roughness, i.e., how quicKr) tends to zero
depends on the probability that points are near the edge of a
domain. This is more likely for domains with rough fronts.
Gomilaet al. [20] examined the evolution of circular do- The average domain size is defined as the distansach
mains in numerical simulations of the FCGL amplitude equathat P(L,t)=1/2. That is, pixelsL away from an arbitrary
tion. Simulations with forcing amplitudes above a critical pixel i have an equal probability of being inside or outside

A. Coarsening regime
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FIG. 4. Curvature-driven shrinking of a circular domain demon-
strates the!/2 law, see text. Snapshots are evenly spaced in time at

t=0, 821, 1641, and 2462 s. The domain vanishe$=2513 s. FIG. 5. The time evolution of a pattern coarsening at
Chemical conditions are the same as in Fig. 1. Image size i§0.039 Hz.t=0, 461, and 1640 s. High curvature fronts coarsen
3.2 mmx 3.2 mm. more rapidly. As a domain becomes smaller, the curvature increases

and eventually the domain vanishes. The asymptotic pattern will
contain either a single phase or flat fronts, and will take several
hours to reach. Chemical conditions given in Sec Il A. Image size is
11.4 mmx11.4 mm.

the same domain asTo capture the front roughness relative
to the average domain sizk, we rescale by L. Figure 6

showsP(r,t) at various times for the data shown in Fig. 5.
Rescalingr by the average domain size shows that the self-

similar dynamics are independent of the pattern length scal®@€ Seen in the first frame of Fig. 8. Although we cannot

The inset of Fig. 6 shows that the average domain size ddneasure the rate, we do observe that domains grow in this
pends linearly ortl’2 parameter regime. Our experimental observations are in

agreement with numerical studies of the FCGL equation,
where curvature-driven growtf20] was found forD <0 in

B. Localized structures Eg. (2) whenw is abovewr.
In our experiments, shrinking spots vanish for all forcing The front interaction which stabilizes localized structures

frequencies belowwr in the bistable 2:1 resonant regime, also .stabillizes the labyrinth patterns. In experiments, tr_]e
except over a narrow range= w;, approximately 24 Iabyrmth tips repel eagh other when they.ggt close. This
mHz. In this regime, the asymptotic pattern is stable Spotgrowthjllmnmg mechanlsm sets a chgracterlsth wavelength,
with radii of roughly 1 to 1.5 times the width of a front. The @Pproximately 0.67 mm in our experiments. This is also the
radius of these localized structures is approximatelydiameter of the observed localized structures.

0.34+£0.07 mm, while the width of a front is 0.26£0.03 mm.

Evolution of Iocalizgd structures is ;hown ip Fig. 7, and has IV. DISCUSSION

been reported previously [5,20. While localized structures

have been observed in the 2:1 resonance of the forced BZ To gain insight into the underlying physics of the coars-
system beforg8], the fact that they are observed only in a ening mechanism in the periodically forced BZ system, we
narrow forcing frequency range and that they form via theconsider two descriptions. The first description is purely geo-
coarsening mechanism has yet to be reported. metric, requiring only that the area covered by each half of a

Localized structures have been reported for parameteront breathing cycle is proportional to the length of the
values near the transition to labyrinths in amplitude equafront. The second description is from a kinematic point of
tions [20,25, which have shown that the tails of the fronts view, using Eq.(1).
have a repulsive interaction that acts against the curvature- The chemical kinetics of the BZ system is strongly excit-
driven mechanism at short range. This is consistent with ouable in the parameter regime in which we conduct experi-
observation that the shrinking of domains stops when thenents. Thus, in the absence of perturbations, the system
fronts come close to each other. would be in a stable, time-independent state. However, the

Other stable patterns in this regime include a target patstrong excitability of the kinetics in conjunction with the
tern, where a localized structure exists at the center, suspatial extent of the real systegwhich contains sources of
rounded by a ring with a width equal to the localized struc-noise, e.g., from boundariegesults in continuous self-
ture diameter. A similar pattern might have two or moresustained relaxation oscillations. Thus, the system we study
localized structures at the center. is both oscillatory, in the sense that it is autonomously time-
periodic, and excitable, in the sense that part of the periodic
cycle is in a true refractory period, during which perturba-
tions decay exponentially.

Whenw is tuned abovevr, we observe a transition from The geometric argument we pose first invokes both the
domain coarsening to domain growth and tip splitting in re-oscillatory and diffusive nature of the bistable system, as
gions of high curvature. The snapshots in Fig. 8 show thavell as the excitable nature of the chemical reaction. First,
time evolution of a labyrinth pattern. We are unable to meawe discuss the features of excitability relevant to curvature-
sure the growth rate of these domains, due to the transverskiven front dynamics, then we discuss the interplay of the
instability of fronts in this regimd10]. In experiments re- excitability, diffusion, oscillations, and geometry.
ported here, measurement is also hindered by breakup of the An excitable procesgéchemical reactionis the interplay
uniform oscillations(nucleation mechanism10] within a  of two agents, an activator and an inhibitor. Examples of
domain. This instability of spatially uniform oscillations can excitable behavior include action potentials in nerve cells,

C. Labyrinths
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0.3 0.3 FIG. 8. Time evolution of a labyrinth pattern=0, 290, and
0 20 20 % o ; p 1032 s. The growth of a labyrinth occurs along fronts with high
r r/L curvature. The labyrinth pattern in the final frame does not change

qualitatively in time. Chemical conditions are given in Sec. Il A.

FIG. 6. Left: The probability functioP(r ,t) for timest=0, 308, Image size is 9.3 mm 9.3 mm.

974, and 1282 ¢, X, [, andV, respectively. Right: Scaling each

probability function by the average domain slzelemonstrates that . . . L
the dynamics are independent of length scale. change in area of a circle expanding or contracting is simply

the circumference timedx. During expansion, the total in-

the beating of the heart, combustion processes, and the B¥¥€aS€ in area iaA=2mroAx, wherer, is the initial radius,
chemical reaction. In the BZ reaction, the activator bromoud€f0ré expansion. The radius after expansion is
acid enhances its own production. This autocatalytic process
causes a rapid increase in activator concentration. The exci-
tation process is inhibited by free bromide ion concentration
[24].

To describe the fast oscillations of the front dynamics, we

ggﬁ;iglef:u?r:(;n d?rr:etitirsr?cgfo gi#?udsﬁgr?ntiimr%t Itnhgar:g:;rlﬁtt(ﬁéwhererl,z is the radius of the circle after one half oscillation.

Figure 9 shows, for the special case of a 2D flat front, the Ote thatryy, is less thanr+Ax. This geometric picture

. . P : .~ “ndicates that the change in the radius during expansion is
activator species diffusing from high to low concentratlon,Iess thanAx
which occurs over a time intervgJtot;. Framet, shows the During tHe second half of the oscillation, the front con-
start of the second half of the cycle. Temporal oscillations ott acts. The decrease in area of the circle is n,ow 2Ax and
the activator and inhibitor concentrations cause a reversal %he ra.dius after one full cycley, is L
the location of excited and nonexcited domains. Note, the L
position of the front(solid line) remains the same fromg to
t, since we are considering the diffusion and reaction sepa- Activator
rately. The diffusion then occurs in the opposite direction Concentration
and, as indicated by the dashed line, the front returns to its
original location. The cycle is complete when the reaction to
oscillation returns the activator concentration to the original
levels shown in framé,. The flat front of the activator spe-
cies diffuses into the unexcited region traveling a distakice

and covering an area equal to the length of the front times \m
Ax. In contrast, a curved 2D front will not return to the same !

Ag+ AA

Fy)p= = \r2+ 2rpAX, (4)

Az
—— N~

position, as we will describe next. " !

In the coarsening regime, during one cycle of the pattern
oscillation a circular domain expands and then contracts. The

1
T
t
|
t
'
|
t

t2

R . . |
. ) f
FIG. 7. Snapshots show the time evolution of a pattern as it X

coarsens to localized structurés.0, 379, and 1344 s. The small
circular domains in the last frame are stable. Their radius is Space

0.34+0.07 mm. The domains in these images larger than the local-

ized structure size continue to shrink. Chemical conditions are FIG. 9. In one breathing cycle, a 1D front returns to its original
given in Sec Il A. Image size is 12.7 mail2.7 mm. position after traveling a distancd&x in each direction.
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= \/r(2,+ 2roAx— ZAX\J'/T(Z) + 2rghx. (5) A kinematic approacr[Eq._(l)] captures thg breathing
motion of fronts as an excitation wave moving into an unex-

Thus during contraction, the radius changes by an amourfited region. Oscillations in the excitgdhite) domains be-

more thanAx, i.e., more than it grew during expansion. come unexcitedblack after half a pattern cycle, causing the

Hence, over one cycle the total domain size shrinks. front velocity to switch direction. For a curved frong, is

Additionally, we derive the relationship betwedax and  positive when domains expand and negative when domains
the parameteb from Sec. Il A, which shows that the short contract.
time scale breathing\x, drives the longer time scale coars-  The two stages of breathing are

ening. The change in the radius for a given cydesr, dr 1
—rIo, is V:a:VOiFD (8)
Ar= \/r§+ 2rpAX — 2AX\ 2 + 2rgAX — rg. (6)  Solving Eq.(8) shows that the change imwhile contracting

f r>>Ax th di th ts vield is greater than the change in while expanding by the
o X, then expanding n€ squareé roots yIelds ;g g Drlrg, where 7 is the amount of time for each

Ar=-Ax¥/r is the change i during one oscillation. To expansion and contraction. For a single cycle, expansion and

consider the period averaged behavior, we divide each sid ; ) Nati ;
by the period of oscillation and consider the left-hand side t Sontraction occur for one quarter of the oscillation period

be differentials instead of finite differences %ach. This is becguse the domain is expanding for 1/2 the

’ cycle and contracting for the other 1/2, except when the forc-
dr  Ax2 ing light, which acts as an inhibitor, is on. Thus;T/4, and
—=—, (7) Ar, the total change in radius over one cycle of the pattern, is
dt T Ar=-DT/2r.

whereT is the period of oscillation. When we integrate this  From this relation comes
equation, we recoveR=R(0)?-Dt with D=2Ax?/T. dr -D

Depending on the duration of the refractory part of the dt = or (9)
cycle, the breathing of a curved front can cause a circular
domain to either shrink or growSecs. Il A and 11 Q.  which is equivalent to Eq.7) whenD=2Ax?/T. Thus, these
When the observed refractory time is short, shrinking occurstwo descriptions are consistent with both the experimental
The diffusion of the activator excites the nonexcited statedata and each other.
which causes the excited domain to expand. In contrast,
when the refractory time is longer, the activator diffuses into
the nonexcited region without causing excitation. Conse- We thank Linda Smolka for useful discussions, and
quently,rq is greater tham\x after one cycle and domains we acknowledge support from Oak Ridge Associated
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